The diffusive dynamics of a particle in a medium with space-dependent friction coefficient is studied within the framework of the inertial Langevin equation. In this description, the ambiguous interpretation of the stochastic integral, known as the Itô-Stratonovich dilemma, is avoided since all interpretations converge to the same solution in the limit of small time steps. We use a newly developed method for Langevin simulations to measure the probability distribution of a particle diffusing in a flat potential. Our results reveal that both the Itô and Stratonovich interpretations converge very slowly to the uniform equilibrium distribution for vanishing time step sizes. Three other conventions exhibit significantly improved accuracy: (i) the "isothermal" (Hänggi) convention, (ii) the Stratonovich convention corrected by a drift term, and (iii) a new convention employing two different effective friction coefficients representing two different averages of the friction function during the time step. We argue that the most physically accurate dynamical description is provided by the third convention, in which the particle experiences a drift originating from the dissipation instead of the fluctuation term. This feature is directly related to the fact that the drift is a result of an inertial effect that cannot be well understood in the Brownian, overdamped limit of the Langevin equation.
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PACS numbers:
I. INTRODUCTION
The dynamics of a particle coupled to a thermal heat bath is traditionally described by the Langevin equation of motion. Denoting the position and velocity of the particle at time t by r(t) and v(t) =ṙ, respectively, the Langevin equation reads [1] mv = f (r, t) − αv + β(t),
where m is the mass of the particle. This is Newtonian dynamics for which the applied force is described as a composite of three kinds: (i) deterministic forces f (r, t), (ii) a friction force −αv proportional to the velocity with friction coefficient α ≥ 0, and (iii) a stochastic force β(t) representing fluctuations arising from interactions with the embedding medium that produces the friction. The stochastic force can be conveniently modeled by a delta-correlated ("white") Gaussian noise with statistical properties: β(t) = 0 and β(t)β(t ′ ) = 2αk B T δ(t − t ′ ), where k B is Boltzmann's constant and T is the thermodynamic temperature [2] . This definitions ensure that, over large times, the position of the particle produces the Boltzmann distribution ρ(r) ∼ exp[−U (r)/k B T ], where f = −∇U (r), U (r) being the potential energy surface [3] . Moreover, in the case of a flat potential (i.e., for f = 0), the particle exhibits diffusive behavior with diffusion coefficient D = k B T /α -in agreement with the fluctuation-dissipation theorem [4] Implied in the above description is that the friction coefficient α is a constant. Now consider the particle diffusing in an inhomogeneous medium with positiondependent friction coefficient α(r). Presumably, the dynamics of a particle in such an environment is governed by Eq. (1), with the constant α simply replaced by the position-dependent α(r). This is formally correct, but physically meaningless, as readily becomes obvious when one attempts to calculate the particle trajectory by integrating Eq. (1) over a short time interval dt [5] . For a uniform α, the integral over the stochastic noise is a well-defined Weiner process
where σ is a standard Gaussian random number with σ = 0 and σ 2 = 1 [1, 3] . For a non-uniform α(r), the integral is ill-defined, since one needs to specify at which point along the trajectory the friction coefficient in Eq. (2) is evaluated. This ambiguity is known as the Itô-Stratonovich dilemma [1, 6] . In Itô's interpretation [7] , the friction coefficient is taken at the beginning of the time step, while the Stratonovich interpretation considers the algebraic mean of the initial and final frictions [8] (which, for a small time interval, is very close to the friction at the mid-point). In the Brownian (overdamped) limit of the Langevin equation (i.e., when the left hand side of Eq. (1) vanishes), none of these two interpretations reproduce the Boltzmann distribution. Instead, it is the the so called "isothermal" (Hänggi) convention [9] , which takes the friction coefficient at the end of the time step, that generates the correct equilibrium statistics [10] .
Equilibrium statistics may also be acheived within the Itô or the Stratonovich formulation for Brownian dynamics, but in these conventions the associated Focker-Planck equation must be augmented with a "spurious" force term proportional to the gradient of the logarithm of the friction coefficient f s ∼ −k B T α ′ (r)/α(r) [10] [11] [12] . The necessity of such spurious force term can be understood through the following example [13] . Consider a Brownian particle diffusing between two immiscible fluids with a sharp interface between them. In the absence of an external potential, the equilibrium distribution is uniform, and the particle is expected, on average, to spend an equal amount time on both sides of the interface. However, this expectation appears to contradict the observation that the particle diffuses slower, and therefore becomes trapped, on the more viscous side. These conflicting arguments can be reconciled by assuming that there exists a boundary-force that pushes the particle toward the less viscous fluid. Thus, the particle has a smaller probability to enter the more viscous side in a manner that exactly cancels the trapping effect.
So far there has been relatively little discussion of the Itô-Stratonovich dilemma in the framework of the full inertial Langevin equation. (Recent noticeable exceptions includes the treatment in Refs. [12, 14] where the Brownian overdamped limit has been approached through "adiabatic elimination" of the inertial degrees of freedom.) This can be attributed to the less "catastrophic" consequences of the dilemma on the second order differential Langevin equation in comparison to the first order overdamped Brownian equation of motion. Suppose r(t) is calculated by numerically integrating the equation of motion with N small time steps of size dt = t/N . For the first order Brownian equation the velocity diverges, resulting in different results of r(t) when applying different interpretations (Itô, Stratonovich, isothermal); even for dt → 0 (see Ref. [15] , section 3.3.3). In other words, no matter how small the integration time step is, different interpretations yield different trajectories, and the method of integration therefore seems accurate only to zeroth order in dt. In contrast, it is the acceleration that diverges for the second order Langevin equation, while the velocity remains finite. This means that all interpretations generate similar trajectories in the limit of vanishing time step sizes. While this definitely reduces the severity of the dilemma, it leaves open an important practical question concerning the rate of convergence of the different interpretations. The problem is demonstrated in Fig. 1 , showing the spatial equilibrium distribution computed from Langevin dynamics simulations of a particle of mass m = 1, in contact with a constant temperature bath k B T = 1, moving in a one-dimensional medium with a flat potential and a sinusoidal friction coefficient given by α(r) = 2.75 + 2.25 sin(2πr/L), where L = 40. The simulations employ the efficient G-JF Langevin integrator [16] (see also Eqs. (7)-(8) below), which has recently been introduced for simulations with constant α. It is here modified according to the way that the friction coefficient is defined in each convention (see details in caption of Fig. 1 ). Since the potential energy is constant, the equilibrium distribution must be uniform. Our 025. Trajectories were generated using Eqs. (7)- (8), with
results in Fig. 1 show that both Itô and Stratonovich interpretations exhibit noticeable deviations from the correct uniform equilibrium distribution, and the deviations reflect the sinusoidal form of the friction function. Their magnitude seem to decrease linearly with dt, where the Stratonovich convention is approximately twice as accurate as Itô's for a given dt. In contrast, the isothermal convention produces fairly uniform distributions (albeit somewhat noisy) which, even for dt = 0.1, only deviates by less than 0.5% from the correct value of 1. We here argue that the success of the isothermal convention stems from the cancellation of two errors that it makes in the evaluations of the friction and noise terms in the Langevin equation of motion. We further suggest that there exists an alternative formulation that also generates the correct distribution for large time steps without making the errors in the dynamical description. This alternative convention is closely related to the more physical Stratonovich convention in which the friction coefficient is averaged over the path made by the particle during a time step. The new scheme does not require the addition of a drift term to the Langevin equation of motion. Instead, the drift originates from the friction term, not the noise, in the Langevin equation. We conclude that the spurious drift is an inertial effect .
II. THE NEW CONVENTION
We follow a similar route to the one we have used in our treatment of homogeneous media with constant α [16] , and integrate Eq. (1) over a small time interval from t n to t n+1 = t n + dt. This yields
where r n and v n represent the particle position and velocity at t = t n , respectively. Equation (3) reveals the following important property of the fluctuation-dissipation relation in inhomogeneous systems. The integral of the second term in the equation, representing the total change in momentum due to the friction force, gives
whereᾱ r is the spatial average of the friction coefficient along the interval that the particle has traveled. For smooth friction functions,ᾱ r is closely related to the Stratonovich friction coefficient,
In contrast, the meaning of the integral over the noise term in Eq. (3) (last term on the r.h.s.) is less clear. Since this is the sum of random Gaussian variables with vanishing correlation time, it can be formally written as an integral of a Weiner process (compare with Eq. (2)):
whereᾱ t is the temporal average of the friction coefficient during the time step. A striking observation that can be immediately made is that unlike the case of a constant friction, whereᾱ r =ᾱ t = α, in the nonuniform caseᾱ r andᾱ t are generally different.There is a fundamental difference betweenᾱ r andᾱ t . While the former can be evaluated through Eq. (4) from the values of the end-points r n and r n+1 (provided that the function α(r) is known), the evaluation of the latter requires full knowledge of how the path r(t) is traveled during the time step. Without this informationᾱ t cannot be uniquely determined for a given r n and r n+1 , since there exist not only one path but an ensemble of trajectories leading from r n to r n+1 . This is the origin of the dilemma. While Eq. (5) is formally correct, it has no unique physical meaning for finite time steps as it is based on the assumption that the noise is temporally uncorrelated (white), which is only true for infinitesimally small dt. Over finite time steps, the friction gradient colors the noise, since the noise value at one time instance changes the trajectory of the particle and, thereby, influences the noise statistics at a following time instances.
Within the Stratonovich and isothermal conventions, Eq. (5) is interpreted as if the impulse of the stochastic force is a product of a standard Gaussian number σ and a quantity √ 2ᾱ t k B T dt that depends on the particle's coordinates at both the beginning and end of the time step. The dependency on the end-point implies that the mean stochastic impulse does not vanish (to be shown later). This feature, however, is problematic from the physical view point of the fluctuation-dissipation theorem. An insightful way to realize this is provided by Gillespie's classical-mechanical derivation of the Langevin equation (see Ref. [17] , section 4.5). In this ab-initio treatment, one considers the motion of a heavy particle in a bath of lighter particles with which it collides elastically. Assuming that the velocities of the bath particles are drawn from a Maxwell-Boltzmann distribution, it can be shown that the collisions produce a stochastic force whose mean is given by the friction force in the differential Langevin equation (1) , while the noise term accounts for the fluctuations around the mean value. This implies that, when one considers the average over all possible noise realizations, the mean change in momentum due to the noise must vanish, and this feature must be incorporated in the integral form of the Langevin equation (3) to make it consistent with the fluctuation-dissipation relationship. In other words, within the framework of inertial Langevin dynamics, the noise term must be drawn from a distribution with zero average value, which leads to two seemingly conflicting conclusions. On the one hand, it suggests that the noise should not depend on the end-point. On the other hand, the noise is governed by the timeaveraged friction coefficientᾱ t , which makes in unclear how it cannot be dependent on the particle's destination. The solution to this seeming paradox is achieved by determiningᾱ t based on the information existing at the beginning of the time step, namely r n and v n ,and using the a-priori best guess for the particle's trajectory. Since v ≃ v n , to leading order, we can assume that the particle travels with a constant velocity v n during the time step, which yields the approximation
to be used in Eq. (5) . Combining this result with Eq (4) for the position-averaged friction that governs the dissi-pation term, we derive (in a manner similar to the one outlined in Ref. [16] ) the following velocity-explicit Verlet Langevin integrator
where f n = f (r n ), σ n is a random Gaussian number with zero mean and unity variance, and the coefficients a and b are given by: b = (1 +ᾱ r dt/2m) −1 , and a = b(1 −ᾱ r dt/2m). Figure 2 demonstrates that our new convention, which assigns different values for the friction in the fluctuation and dissipation terms, generates a probability distribution that is essentially identical to the accurate distribution of the isothermal interpretation. This observation presents a new puzzle since our new convention is closely related to the Stratonovich convention that uses the position-averaged friction in both terms and not to the isothermal convention that uses the friction value at the end-point. The solution, discussed below, provides physical insight into the so-called spurious drift generated by the friction gradient.
III. THE DRIFT
We have argued above that the noise-term in Eq. (3) has zero mean when averaged over all possible noise realizations during one time step. To satisfy the second law of thermodynamics, the friction term in Eq. (3) must also have a zero mean; yet, this is not true for each time step, but rather upon averaging over an ensemble of Brownian particles that leave from r n with the MaxwellBoltzmann velocity distribution (or, equivalently, upon averaging over all the occasions that a single particle travels through at r n in the long time limit). This requirement is necessary to ensure that the statisticalmechanical average change in the momentum of the particle vanishes and, therefore, that no real force acts on the particle while it diffuses in a flat potential. Thus, ᾱ r ∆r = 0, where ∆r = r n+1 − r n ensures that no average momentum is contributed to the particle by the noise. Using the approximationᾱ r ≃ α(r n ) + α ′ (r n )∆r/2, this condition leads to
where the second equality is obtained by virtue of the equilibrium Maxwell-Boltzmann velocity distribution, and the fact that to linear order in dt, ∆r ≃ v n dt and, therefore, (∆r)
From Eq. (9) we conclude that the particle's mean drift is given by Fig. 1 . In the new convention, the trajectories are generated using Eqs. (7)- (8), with αr andᾱt given by Eq (4) and (5), respectively. In the corrected-Stratonovich convention, bothᾱr andᾱt are given by Eq (4), and the newly computed position, r n+1 , is shifted by −[α ′ (r n )/α(r n )](kBT /m)(dt 2 /4) to correct for the spurious drift.
The associated force f s = −k B T α ′ /α, is the force that produces the same mean drift in a uniform medium, in which case ∆r = (f /2m)dt 2 . This force is obviously not real, which is why it is denoted "spurious". Our derivation demonstrates that the drift originates from the dissipation, not the fluctuation, term in Langevin equation of motion. This observation is directly related to the notion that the drift represents an inertial effect arising from the feature that when the particle travels toward a less viscous regime, it experiences less friction and therefore travels longer distances. This physical picture cannot be captured within the framework of overdamped Brownian dynamics in which the inertial degree of freedom is missing. Furthermore, our derivation suggests that another term frequently used in the literature; namely "noise induced drift" is misleading. This term stems from the proportionality of the drift to k B T . However, as our deviation demonstrates, the noise term does not produce the drift. Instead, the linearity of ∆r with temperature is due to mean squared velocity. At higher temper-atures, the particle moves faster and this amplifies the magnitude of the inertial effect that produces the drift.
IV. CONCLUDING REMARKS
We conclude by explaining why the seemingly more physical Stratonovich interpretation fails to produce the correct equilibrium distribution, and why the isothermal convention succeeds. We first note that by multiplying Eq. (7) by σ n+1 , and by using the leading order approximationsᾱ ≃ α(r n ) (this is true in any convention as long as α(r) is sufficiently smooth), b ≃ 1, and the relations v n σ n+1 = 0, σ n+1 = 0, and (σ n+1 ) 2 = 1, we find that
where α = α(r n ) for brevity. Now, as shown above, the dissipation term generates the drift given by Eq. (10), while the fluctuation term produces no drift. The Stratonovich convention interprets the friction term in essentially the same manner as our convention, but it also incorrectly assumes thatᾱ t =ᾱ r . While this seems like a minor difference, it directly causes the noise term to produce undesirable drift. Specifically, in the Stratonovich picture the noise term is given by √ 2ᾱ r k B T dtσ n+1 , the mean value of which should be added to the middle part of Eq. (10) . Using the expansionᾱ r ≃ α+α ′ ∆r/2 and the relationship expressed by Eq. (11), we find that the noise term in the Stratonovich convention generates a drift of size ∆r = +(α ′ /α)(k B T /m)(dt 2 /4), which eliminates half of the drift from the dissipation term. This error in the Stratonovich convention can be corrected by simply shifting the value of r n+1 computed by the Langevin integrator Eqs. (7)- (8) by −(α ′ /α)(k B T /m)(dt 2 /4). The corrected-Stratonovich convention (which, as demonstrated in Fig. 2 , also produces a fairly uniform distribution) corresponds to the overdamped limit of the Langevin equation when reached by adiabatic elimination of the velocity [12] . In the isothermal convention, α(r n+1 ) ≃ α + α ′ ∆r is used in both the dissipation and noise terms. When compared to the Stratonovich case, the difference is that α(r n+1 ) − α(r n ) ≃ 2[ᾱ r − α(r n )]. This implies that in the isothermal convention, the dissipation term produces a drift which is twice larger than necessary, and the noise term eliminates half of this drift to bring it to just the right value. In other words, the isothermal convention benefits from the cancellation of two errors. The new convention, presented here, produces the correct drift from the dissipation term, and no drift (as should be) from the noise. We argue that this feature makes it the most physical approach, despite of the fact that all the three methods presented in Fig. 2 produce distributions that closely match the uniform equilibrium distribution.
